Motivated by the discovery of large-scale ionized clouds around AGN host galaxies, and particularly the large fraction of those which are consistent with photoionized gaseous tidal debris, we have searched for [O III] emission over wide fields around a set of Seyfert galaxies previously mapped in H I, many of which show extended gas features. The detection threshold was designed to reach mean emission-line surface brightness 10 times fainter than seen in such AGN-ionized clouds as Hanny's Voorwerp, so that similar structures at larger distances (and ages) could be detected. Of 24 Seyfert galaxies, we find one extended emission feature, a discrete cloud projected ≈ 12 kpc from the center of Mkn 1 and spanning a transverse extent of 8 kpc. In addition, we identify several potential "emission-line dots" (ELdots), compact objects which may be outlying, relatively isolated star-forming regions. Optical spectroscopy of the Mkn 1 cloud confirms its redshift association with the Mkn 1 -NGC 451 galaxy pair, shows it to closely match the kinematics of nearby H I, and reveals emission-line ratios requiring photoionization by the AGN at roughly the direct observed luminosity of the nucleus.. Given the small fraction of H I features with detected [O III] emission, we constrain the typical opening angle of ionization cones in Seyfert galaxies to be of order 20
tend tens of kpc outside the AGN host galaxy itself. EELRs allow us to trace the pattern of emerging radiation, characterize AGN which are strongly obscured along our line of sight, or have undergone dramatic luminosity changes over millennia. These applications have seen new use with recent discoveries of EELRs around AGN which appear too faint to account for their ionization level, requiring either strong obscuration or strong variability (over the lighttravel times between nucleus and EELR) to explain this mis-match. In particular, Hanny's Voorwerp (Lintott et al. 2009 , Keel et al. 2012b , Schawinski et al. 2010 ) is a galaxy-scale highly-ionized cloud for which the nearby AGN in IC 2497 fails to be able to account for its ionization by factors 20-100 even when its spectral energy distribution up to hard X-rays is modeled (Sartori et al. 2016) . Following the discovery of this object by Galaxy Zoo participant Hanny van Arkel, a dedicated search by additional Galaxy Zoo participants found another 19 AGN with similar ionized clouds projected > 10 kpc from the nuclei (Keel et al. 2012a ), of which 8 have a substantial energy deficit from the AGN as observed (Keel et al. 2017b) . Additional studies have identified analogous objects at both lower and higher AGN luminosity (Schirmer et al. 2013 , Schweizer et al. 2013 .
These findings have allowed the beginnings of a picture of AGN changes over time spans 10 4 − 10 5 years, which can connect to longer time spans inferred from simulations and statistics of AGN in interacting hosts, and with the shorter timescales known from direct observation (reverberation studies and the growing number of "changing-look" AGN). If the AGN surrounded by EELRs are typical, their radiative output is characterized by luminous phases ≈ 10 5 years long with low-luminosity interludes, possibly associated with transitions between the accretion output being mostly radiative or mostly kinetic (Keel et al. 2012a , Keel et al. 2017b , Schawinski et al. 2015 . The "changinglook" AGN (e.g., LaMassa et al. 2015 , Runnoe et al. 2016 , which change their nuclear luminosity significantly within only a few years, show that such rapid changes in the AGN luminosity occur. Changes traced by light-travel time to clouds tens of kpc from the AGN, in contrast, must represent millennium-scale durations when the average luminosity stays high or low.
Since almost all EELRs have been found around galaxies with extant (if sometimes low-luminosity) AGN, and surrounding gas is a prerequisite to their occurrence, we have carried out a series of imaging surveys in the strongest optical emission line from EELRs, [O III] λ5007. The sample described here consists of Seyfert galaxies mapped in H I by Kuo et al. (2008) , so we know which ones have extended H I discs or tails, and roughly what fraction of each AGN host is surrounded by such gas. This lets us use the detection fraction to estimate the covering factor of escaping gas (opening angle of ionization cones) combined with the fraction of the time the typical AGN is in a luminous state over the scales spanned by light-travel times to the outermost gas. We also consider in detail the properties of the sole EELR discovered, near Mkn 1.
In quoting luminosities and sizes, we adopt H0 = 72 km s −1 Mpc −1 and flat cosmological geometry.
SAMPLE SELECTION AND OBSERVATIONS

Sample construction
Our sample consists of the Seyfert galaxies observed by Kuo et al. (2008) in their study of H I structures around active galaxies, including data on the four objects presented earlier by Greene et al. (2004 Seyfert galaxies in our sample (Table 1) . They lie at redshifts z = 0.015 − 0.020; for guidance, we include Hubble types from Kuo et al. (2008) and AGN classifications from NED 1 . As our further work has progressed, this is now the first phase of a multipart program we call TELPERION 2 . Further phases now in progress encompass merging galaxies in the Toomre sequence, luminosity-selected AGN, luminous galaxies independent of AGN, and a larger merging sample from the Galaxy Zoo (Lintott et al. 2008 ) analysis by Darg et al. (2010) .
Observations: narrowband imaging
The survey observations were carried out between October 2010 and July 2012 using the remotely-operated telescopes of the SARA Observatory . The narrowband images, and most of the broadband continuum imaging, used the 1m instrument on Kitt Peak, Arizona (SARA-KP). During this period it was equipped with a 2048×2048-pixel E2V CCD in an Apogee U42 camera. The pixel scale was 0.
′′ 382 pixel −1 , giving a field 13.04 ′ square. For a centered galaxy, this meant the images covered (inscribed) projected radii 118-153 kpc over the redshift range of our sample. The V -band continuum images for five galaxies (MS 04595+0327, UGC 1395, NGC 7591, NGC 7679 and NGC 7682) were obtained using the SARA 0.6m telescope on Cerro Tololo, Chile. The Apogee Alta E6 camera in use then gave a field 10.34 ′ square at 0. ′′ 606 pixel −1 , covering radial regions out to ≈ 100 kpc from each targeted galaxy.
A narrowband filter centered at 5100Å with halftransmission points at 5047Å and 5132Å captured [O III] emission at the redshifts of sample members. The filter is circular with a 50mm diameter, and was fabricated by Custom Scientific 3 . Corners of the CCD images are slightly vignetted, an effect well corrected using twilight-sky flat fields. A standard V passband, which has its center of transmission close to the narrowband filter's peak transmission, was used for comparison images in the broadband continuum.
In the converging f/8 beam of this telescope, we expect the peak response of the [O III] to be shifted blueward by about 10Å, which we correct in deriving emission-line fluxes. Our exposures were designed to reach mean emissionline surface brightness at least 10 times fainter than Hanny's Voorwerp, allowing detection of similar objects farther from the ionizing AGN, as well as objects ionized by less powerful AGN. Exposure sequences were stacked for a 5400 s total exposure in [O III] and an 1800 s total V exposure. Calibration frames were observed at the beginning of each run and standard reduction procedures were carried out using NOAO's ccdred package in IRAF 4 (Tody 1986 ). This CCD suffered from residual bulk image (e.g. Crisp 2009 ), producing image persistence from bright objects which decayed with an efolding time typically 40 minutes. This effect was mitigated by taking a shorter dark exposure before each new object, subtracting a smoothed and scaled version of this, as well as offsetting the telescope between the 3 individual 30-minute exposures with the narrowband filter. Stacking these multiple exposures also substantially rejected cosmic-ray events and residual flat-field imperfections. The individual narrowband exposures were sky-noise limited, so breaking the total observation into 3 exposures imposed little penalty in signalto-noise ratio (SNR). Continuum-subtracted (emission-line) images were produced by scaling and subtracting the combined continuum image from the combined narrow-band image. Scaling factors were determined from flux ratios of stars with known color.
To detect spatially extended emission regions of low surface brightness, we applied several smoothing algorithms to the emission-line images. Median filtering (box size ∼ 2 × 2 ′′ ) and Gaussian smoothing (σ ∼ 3.
′′ 5) over the images improved the detectability of structures in these scales. Detection limits in [O III] emission for structures much larger than these smoothing windows are typically 2 × 10 −17 erg cm −2 s −1 arcsec −2 . To estimate the [O III] flux (or surface brightness) of detected objects, we establish a calibration using Landolt (1992) standard stars observed on photometric nights, along with count-rate ratios of stars between broad and narrow filters. Following Fukugita et al. (1995) , we converted magnitude zero points to total flux corresponding to one count/second within both broad-and narrow-band filters. The ratio of stellar count rates between filters, and the filters' effective widths, let us determine the flux represent by on ADU per unit time in redshifted λ5007 emission. This calibration factor, and the fidelity of continuum subtraction, depend on the color of any associated continuum; extreme colors work less well since we used only a single continuum filter, centered slightly to the red of the narrowband filter. The emission-line flux is corrected for the wavelengthdependent filter transmission, using a correction factor equal to the peak transmission divided by the transmission (at that z) of the 5100-Å filter. [O III] fluxes for the AGN were measured from the emission-line images using imexam from the IRAF images package, within a 5 ′′ aperture with automatic centering turned on. Three iterations were allowed to adjust the fitting radius. Flux counts for all other detected compact emission-line sources were calculated with automatic centering turned off and no allowed adjustments to the fitting radius, while for diffuse sources we used larger box apertures as appropriate.
To improve our knowledge of the diffuse cloud found in our survey data, we obtained new images of Mkn 1 with SARA-KP in late 2012 and late 2016, after installation of a new imager using a nominally identical chip, operating at much lower temperature. The new camera from ARC the same λ5100 filter goes significantly deeper, revealing structure in the cloud (Fig. 1) . The image does show residuals from removal of the scattered light produced by the 6th-magnitude star HD 7578 just outside the field to the NE, which were largely reduced along with charge bleeding from other field stars by subtracting a version of the image median-filtered using a 1 × 275-pixel box parallel to the detector y-axis. Similar data were obtained for NGC 7591 and UGC 3995, allowing us to reject marginal candidate detections in those field from the original survey images.
Coordinate mapping and alignment of the images, including a small rotation of the camera between sessions, used astrometric solutions with the astrometry.net web interface (Lang et al. 2010 , via a filter centered at 675 nm with FWHM 25 nm (6000-s exposure), and the g, r continuum bands (3000 seconds each), using the recently commissioned CCD imager on the 1-meter Schmidt telescope of the Byurakan Astrophysical Observatory (Dodonov et al 2017) . After trials involving both g and r for continuum subtraction, use of the r band alone was found to give the smallest residuals near Mkn 1 and NGC 451. The subtraction has the main advantage, even for pure emission clouds, of dramatically reducing the scattered light from the bright foreground star. This image gives evidence of a fainter cloud opposite the SW one we examined spectroscopically (Fig. 2) . We do not yet have additional confirmation of its existence; structure in the extended PSF of the star includes pieces of tangent arcs which would share its orientation.
Lick spectroscopy
To investigate the ionization source of the cloud detected near Mkn 1, we obtained a long-slit spectrum using the Kast double spectrograph (Miller & Stone 1992) at the 3-m Shane telescope of Lick Observatory, on 14 January 2013. The slit was oriented along position angle 304
• , so that when the companion galaxy NGC 451 was centered near one end of the 2 ′′ -wide slit, the cloud would be near the other end and sampled nearly along its longest axis. Four 30-minute exposures were combined. The red channel covered the wavelength range 4640-7400Å at ≈ 6Å resolution, while the blue channel spanned 3350-4580Å at ≈ 2Å resolution. Subtraction of night-sky emission lines was compromised by having objects of interest at each end of the slit, a particular problem for Hβ.
BTA spectroscopy
We obtained a deeper long-slit spectrum covering the companion galaxy to Mkn 1 (NGC 451) and the ionized cloud, using the SCORPIO multimode instrument (Afanasiev & Moiseev 2005) at the 6-meter telescope (BTA) of the Russian Academy of Sciences. A 2-hour exposure on 17 August 2017 was set with the slit at PA 304
• , so acquisition of the companion nucleus would also put the slit nearly along the major axis of the cloud. The slit width was 1.
′′ 0, and the spectral coverage including the [O II] λ3727 and [S II] λ6717 features. The redder λ6731 feature of [S II] is compromised by overlap with the atmospheric B band at this redshift, and a night-sky emission line. We corrected the data for B-band absorption using the spectrum of a hot star along the slit, and explored several fitting routines to correct for residual night-sky variations along the slit. The uncertainty range on the λ6717/λ6731 ratio is still > 1.40, allowing only values close to the low-density limit. We adopt a 2σ limit ne < 26 cm −3 , using the temden task from Shaw & Dufour (1995) and assumed temperature 10 4 K. The [O II] λ3727 doublet is in a region where the system sensitivity is low, giving a signal-to-noise ratio too low for an independent density estimate. The spectral scale was 2 A pixel −1 , strongly oversampling the spectral resolution of 12Å FWHM, with the binned pixels spanning 0.
′′ 357 along the slit. The signal-to-noise ratio of these data is sufficient to measure He II emission and (marginally) detect [O III] λ4363. Fig. 3 shows the cloud spectrum summed along 65 spatial pixels (23 ′′ ).
SURVEY RESULTS
Our narrowband images show extended emission-line features interpretable as EELRs in only the case of Mkn 1, as noted above.
We identified a number of potential compact emissionline sources in the fields of the target galaxies, many in the range of size and luminosity associated with emission-line dots (ELdots), similar to those seen as outlying star-forming regions by Ryan-Weber et al. (2004) and Werk et al. (2010) . They are listed in Table 2 , with an indication of whether they are projected inside or outside the lowest-density H I contours shown by Kuo et al. (2008) . Detection limits for emission-line point sources are typically 5 × 10 −16 erg cm
MKN 1 AND ITS DISTANT IONIZED CLOUD
Ionization
Our initial Lick spectrum showed the cloud to have high ionization, but left the ionizing mechanism ambiguous. The deeper BTA data show He II emission at a level requiring an AGN continuum if photoionized, and also show that the electron temperature and line widths are low enough to strongly disfavor shock ionization. This object is an instance of lowmetallicity gas which can masquerade as being ionized by hot stars in the single strong-line BPT (Baldwin et al. 1981) diagram (Groves et al. 2006) . Table 3 shows emission-line ratios integrated along the slit for the entire cloud, and for the two subregions seen in the direct image. Modest differences in ionization properties are found between the NW and SE regions, with the SW part of the cloud more highly ionized, as seen in [O III]/Hβ and He II/Hβ. Good agreement is seen between integrated line ratios from our two sets of spectral data.
The [O III] λ4363 line is marginally detected (formally at the 2σ level) in the cloud integrated spectrum (Fig. 3) . This lets us place a lower limit on the electron temperature via its ratio with the λ5007 line. Using the temden task in the nebular package within IRAF (Shaw & Dufour 1995) , we place a 3σ bound Te > 20, 000 K for low electron density (ne < 50 as is typical for such distant AGN clouds). This temperature, and the ionization level found from [O III]/Hβ and He II/Hβ, clearly point to AGN radiation as the ionizing agent for this cloud. The line ratios are very similar to those observed in the EELRs studied in the Galaxy Zoo sample, as listed in Table 4 of Keel et al. (2012a) with the mean values shown in Table 3 here. ′′ , the possible ionization cones are seen between position angles 50-85
• with the highest ionization along PA 65
• , slightly misaligned with the stellar distribution.
Archival Hubble Space Telescope images (Pjanka et al. 2017) show the inner disc to be elongated along PA 72
• , with numerous star-forming regions most prominent on its south The distant cloud we have found is projected at radii 33-45 ′′ and spans PA 207-236 • , while the inner possible ionization cone on this side spans 230-265
• , barely overlapping. If both structures are ionized by radiation in a fixed conical pattern, neither structure samples most of the cone width. This might mean that the inner disk gas and the outer H I structure are misaligned with each other and thus intercept different portions of the ionizing radiation pattern. Alternately, precession of the ionizing pattern on time scales ≈ 3 × 10 4 years could produce this offset.
The highest-resolution available H I data are the GMRT results from Omar et al. (2002) , with beam size 27 × 31 ′′ FWHM. Fig. 4 schematically shows the locations of the southwest and possible northeast emission clouds compared to their H I contours. The confirmed SW cloud falls right at the outer edge of the H I structure, possible associated with an inflection of declining surface density, while the possible NE cloud falls largely in the gap between the two H I features in that side. We might speculate that this is similar to the location of Hanny's Voorwerp in a gap in the H I tail of IC 2497, where ionization of most of the gas creates a gap in the H I structure. Fig. 4 also illustrates how the outer clouds and inner ionization cones overlap only partially in orientation around the nucleus.
Related dwarf galaxy?
A diffuse continuum object appears projected near the edge of the northwestern component of the emission-line cloud. As revealed by the HST WF3 F814W image (Pjanka et al. 2017) , there is only one other similar bright and diffuse object in the Mkn 1 field, a nucleated object of comparably low surface brightness on the opposite side of Mkn 1 itself. This raises at least the possibility that this is a dwarf companion to Mkn 1, and the AGN is ionizing gas associated with this companion rather than purely diffuse H I in its surroundings (which would be an instance of cross-ionization, in the terminology of Keel et al. 2019 ). The relation between the emission cloud and continuum objects is shown in Fig. 5 . The ionized gas component is not centered on the galaxy, leaving the possible association ambiguous.
Kinematics
We examine the velocity structure of the cloud by using wavelength peaks as retrieved from Gaussian fitting of the strongest lines, constraining both [O III] lines to have the same width. The results show a gradient of about 60 km s −1 along the detected extent of the cloud, with both the radial velocity and gradient in good agreement with the H I as measured by Kuo et al. (2008) and Omar et al. (2002) . The velocity gradient in both H I data set is shallower, but subject to beam smoothing.. The gradient is subtle enough, in view of our typical uncertainty of order 30 km s −1 , that it is unclear whether what two apparently distinct structural components in the cloud are also kinematically distinct (Fig.  6) . The velocity data weakly suggest that the NW component has constant velocity while the SE one shows a gradient, but a single linear gradient is almost as good a fit.
Energy budget and AGN history
In principle, the ionization level of outlying EELR gas samples the past luminosity of the AGN. We follow the approach of Keel et al. (2012a) to estimate the minimum AGN luminosity needed to power the distant cloud, and compare with the obscured AGN luminosity (since Mkn 1 is a Type 2 Seyfert, this is appropriate). The cloud's Hβ surface rightness and projected distance from the nucleus require an ionizing luminosity > 10 43 ergs s −1 , by a factor depending on the clumpiness of the gas (and through this, ultimately connected to its optical depth at the Lyman limit). The upper limit to the electron density from the [S II] lines ne < 26 cm −3 can give a complementary upper limit to the ionizing luminosity. Following Komossa & Schulz (1997) (Table 3 ) and a typical AGN continuum shape is U = 0.0032. The emission rate of ionizing photons is Q ion) = U/(4πr 2 ne), so for r = 13 kpc and ne < 26, Qion < 5.0 × 10 53 photons s −1 . For a generic AGN continuum, the mean energy of ionizing photons is roughly 2 Rydbergs, so this becomes Lion < 2.2 × 10 43 erg s −1 . These two approaches give bounds on the ionizing luminosity seen by the cloud at the epoch of the emitted photons 1.6±0.6×10 43 erg s −1 . The far-infrared luminosity, predominantly from reprocessed UV radiation, is 1.7 × 10 44 ergs s −1 . A more complete accounting, adding the escaping ionizing radiation as traced by [O III] emission from the AGN itself, gives 2.1 × 10 44 ergs s −1 . This is sufficiently greater than the ionizing requirements for the cloud to make it plausible (although not required) that the AGN has maintained a roughly constant output over the light-travel time to the clouds (≈ 40, 000 years). 
SAMPLE IMPLICATIONS FOR AGN CONE ANGLES AND EPISODE DURATIONS
We give a simple calculation of the typical width of ionization cones, under some simplifying assumptions. These are (1) that all the AGN are powerful enough to ionize observable clouds in the H I structures, and (2) that these structures are reasonably approximated as great-circle arcs viewed from each AGN. Estimates of the ionizing luminosity of each AGN, constructed from the far-IR luminosities and nuclear [O III] luminosities, lie with a factor ≈ 3 of the value for Mkn 1 except for Akn 539, Mkn 461, UGC 3157, NGC 1167, and NGC 841 at lower luminosity. We used the published H I column-density maps from Kuo et al. (2008) to estimate the angle A spanned by H I features around each AGN, approximated as tangential arcs (Table 4 , along with the estimated AGN ionizing luminosity). Details of calculating the chances of randomly distributed arcs and (bi)cones intersecting are given in the Appendix.
Most of the nearby H I structures are associated with companion galaxies, and the H I data give redshifts making physical association very likely (so this is a search for cross-ionization as defined by Keel et al. 2019) . Projection factors in these cases are poorly constrained, with no necessary connection to the AGN host inclination. In view of this, we considered examination of projection effects based on the inclinations of the remaining hosts, but as this would affect only 15% of the entries in Table 4 , the outcome would still be dominated by the behavior of gas around companion galaxies.
For the entire sample, the number of detections for the observed arc angles would suggest narrow cones of escaping ionizing radiation, typically 20
• width. This is so much narrower than most observed cone angles that it may suggest intermittent luminous episodes.
This conceptually clean formulation runs into several complications in actual data, so our results also provide an outline of ways to improve this approach. Projection effects can increase or decrease measured arc lengths, and could render an arc of gas more like a radial spur or blend it with the host galaxy disc. The limited angular resolution of the current H I data often blend external structures, to some extent, with the host disc gas. Finally, shadowing of some of the H I by material in the inner disc or AGN torus will often prevent ionizing radiation from escaping in both the planes (broadened if either one is warped or twisted; Lawrence & Elvis 2010) . Our primary interest is in ionized gas outside the normal disc interstellar medium of the host galaxy; a sufficiently warped disc could escape the self-shielding of the inner regions. Lacking a prescription for a fuller treatment, we present the results as is with these cautionary notes.
CONCLUSIONS
We have surveyed the environments of a set of Seyfert galaxies with known H I structures, using a narrowband [O III] filter, in search of distant nebulosities photoionized by the AGN (EELRs). Among the 26 Seyfert galaxies with H I observations by Kuo et al. (2008) , we find an EELR in one case. Mkn 1 is accompanied by a large emission-line region projected 12 pc from the AGN, for which spectroscopy confirms that it is photoionized by the AGN itself. Radial velocities support an association between this material and the larger extended H I disc. The location of this ionized region does not match the ionization cone inferred from circumnuclear gas, suggesting either that neither emission region fully crosses the escaping cone of radiation or that the cone of radiation moves on timescales ≈ 30, 000 years. A fainter emission-line cloud may appear on the opposite side of the as derived in the Appendix; with the observed angle A (col. 3) measured on H I map galaxy, but interference from a very bright foreground star leaves this detection tentative. Finding one EELR out of 20 extended H I structures in 18 galaxies suggests either that typical ionization cones are quite narrow (opening angle ≈ 20
• ) or that bright AGN phases are episodic compared to light-travel times 20,000-50,000 years. If the AGN in our sample are luminous enough to ionize gas at these distances, as seen from the example of Mkn 1 and nuclear luminosities in Tale 4, this conclusion follows from the expected number of cases in which randomly directed bicones intercept gaseous arcs of the lengths inferred from the H I data.
sin φdφ which is the proportion of the sphere in the range a < φ < b.
The expression on the right in Eqn. A1 reflects the symmetry that the probabilities are the same for φ and π − φ. So, we only need to consider 0 φ π/2. Some simple cases are recorded below
The first case corresponds to values of φ where the arc cannot reach a cap no matter which way it points, the second case corresponds to when the center of the arc lands in a cap. The third case will now be determined. To begin, there is no harm in assuming θ(C) = 0 since the problem is rotationally symmetric. Then, C = (sin φ, 0, cos φ). The vectors a = cos φ, 0, − sin φ , b = 0, 1, 0 , c = sin φ, 0, cos φ are pairwise perpendicular and can be used to form a local coordinate system at C (they are a rotated version of i, j, k). The arc centered at C can be parametrized via
This is derived by treating a, b, c as we would usually treat i, j, k in spherical coordinates. Here −L/2 t L/2 and θ will now be used to represent the angle the arc makes with a. By symmetry we may assume 0 θ π/2. It helps to recall the inequality |a sin t + b cos t| a 2 + b 2 .
Equality occurs exactly when (sin t, cos t) = ±1 √ a 2 + b 2 (a, b).
The great circle containing our geodesic arc intersects a cap if there is a value of t such that the z-coordinate of c(t) is ± cos A; i.e.
± cos A = − sin t cos θ sin φ + cos t cos φ.
Setting a = − cos θ sin φ and b = cos φ in (A2), equation (A4) has a solution exactly when cos 2 A cos 2 θ sin 2 φ + cos 2 φ = 1 − sin 2 θ sin 2 φ. This is equivalent to sin φ sin θ sin A, and the maximal possible angle θ such that the great circle intersects a cap is θmax = sin −1 ( sin A sin φ ). The corresponding values of t satisfy (sin t, cos t) = ±1 cos A (− cos(θmax) sin φ, cos φ) by (A3).
(A5) Since A, φ, θmax are all in the range [0, π/2], sin t and cos t have opposite signs which means (sin t, cos t) is in quadrants IV and II. Therefore, the closest point of intersection occurs when −π/2 t 0 and this means the great circle intersects both caps or no caps. In particular, if L/2 π/2, then the arc intersects the cap for θ in the range 0 θ sin Figure A1 . Illustration of quantities used in the bicone-arc intercept calculation. As projected on a unit sphere, the black shading shows the cap spanned by one half of the notional ionization (bi)cone, with opening angle A. The dark gray arcs are randomly oriented with angular length L, representing in our study the extent of H I outside the host galaxy as seen by the nucleus. We aim to determine the typical value of A based on using ionized gas to trace the number of intercepts of arcs of various measured angular extent, based on the assumption that ionized gas will reveal etches of such intercepts. cos A − cos(L/2) cos φ sin(L/2) sin φ sin φ dφ
